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Abstract
We construct quasi-Fuchsian groups acting on two-dimensional complex hyperbolic space with limit set a
wild knot. Also, we study the Teichm4uller space T (G) of faithful, discrete, type-preserving representations
of a Fuchsian group G of the 5rst kind with parabolic elements in complex hyperbolic space. We show that
T (G) is not connected, and that the Toledo invariant does not distinguish di6erent connected components
of T (G).
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0. Introduction
A complex hyperbolic Kleinian group is a discrete faithful representation of a group G into
PU(n; 1), the holomorphic isometry group of complex hyperbolic n-space, HnC. In this paper, G will
be a surface group 1(), where  is a Riemann surface of genus g with p punctures and hence
Euler characteristic 	 = 2 − 2g − p. We assume that 	¡ 0. Sometimes, we will think of G as a
Fuchsian group acting on the hyperbolic plane.
A classi5cation of the complex hyperbolic Kleinian groups isomorphic to 1(), despite consid-
erable progress during the last years remains open. It can best be stated using the space T (G) of
discrete, faithful, type-preserving representations of G in PU(n; 1), up to conjugacy, the Teichm4uller
space of G. The theory of the Teichm4uller space T (G), while quite rich, is still in the begining.
For a survey of this theory, the reader is referred to [2–4,6–8,10–12,14,19–22], and the references
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cited there. Below, we present the most important results in this direction:
• Toledo [23] and Goldman and Millson [8] described the connected component of the Teichm4uller
space T (G) containing C-Fuchsian representations of G = 1() in the case of compact .
• Goldman and Parker [10] and Schwartz [20,21] obtained the full description of the deformation
space of the complex hyperbolic ideal triangle group (this corresponds to g= 0 and p= 3).
• Goldman et al. [7] constructed quasi-Fuchsian representations of G=1(), in the case of compact
, which realize all possible integer values of Toledo’s invariant.
• Gusevskii and Parker [11,12] constructed quasi-Fuchsian deformations of C-Fuchsian representa-
tions of G=1(), in the case of non-compact 5nite area , and proved that for p¿ 0, C-Fuchsian
and R-Fuchsian representations of G= 1() lie in the same path-connected component of T (G).
This implies, in particular, that for p¿ 0, there exist quasi-Fuchsian representations of G which
realize all possible values of Toledo’s invariant.
Finally, Xia [25] has shown that the Toledo invariant, in the case of compact , distinguishes di6erent
connected components of the space of all representations (not necessarily discrete and faithful) of
G = 1().
It is still an open problem whether the Toledo invariant distinguishes di6erent connected com-
ponents of the Teichm4uller space T (G), G = 1(), when  is compact. Also, it is unknown yet
whether the space of all representations (type-preserving, not necessarily discrete and faithful) of G
is connected or not for non-compact .
In this paper, we will show that the Teichm4uller space T (G), G=1(), in the case of non-compact
5nite area , that is, when  has punctures, is not connected.
To this end, we exhibit a complex hyperbolic Kleinian group  ⊂ PU(2; 1) whose limit set
is a wild knot, and which de5nes a discrete, faithful, type-preserving representation of G into
PU(2; 1). Speci5cally, we construct a geometrically 5nite complex hyperbolic quasi-Fuchsian group
 ⊂ PU(2; 1) whose limit set is a wild knot. Also, we construct a geometrically 5nite R-Fuchsian
group ∗ ⊂ PU(2; 1) which is isomorphic to  under a type-preserving isomorphism  :  → ∗.
We will show that the representations de5ned by the groups  and ∗ lie in di6erent connected
components of T (G) and have the same Toledo invariant. Therefore, this implies that for p¿ 0,
the Toledo invariant does not distinguish di6erent connected components of the Teichm4uller space
T (G).
For the convenience of the reader, we recall now the de5nitions of some objects mentioned above.
First, we recall that, when G = 1() is a surface group, and  has punctures, the Teichm7uller
space T (G) of G is de5ned to be the space of discrete, faithful, type-preserving representations of
G into PU(n; 1), up to conjugacy. A representation  : G → PU(n; 1) is called to be type-preserving
if it carries any element in G representable by a loop enclosing a single puncture in  to a parabolic
element of PU(n; 1).
A discrete, faithful, type-preserving, representation  : G → PU(n; 1), is de5ned to be complex
hyperbolic quasi-Fuchsian if the limit set of (G) is a topological circle.
The hyperbolic plane H2R may be embedded as a totally geodesic, totally real subspace of H
n
C.
That is, taking the Klein–Beltrami model of H2R, isometries of H
2
R may be regarded as isometries
of HnC. Discrete groups of complex hyperbolic isometries preserving such a totally real subspace are
called R-Fuchsian.
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On the other hand, we may regard the hyperbolic plane as complex hyperbolic 1-space HnC and
embed it as a totally geodesic complex line inside HnC. In other words, taking the PoincarMe disc
model of HnC, we can view its isometry group as a subgroup of PU(n; 1). Discrete groups of complex
hyperbolic isometries preserving such a complex line are called C-Fuchsian.
The Toledo invariant is de5ned as follows. Let  : G → PU(n; 1) be a representation. Let F :
˜ → HnC be a -equivariant smooth mapping of ˜, the universal cover of , into complex hyperbolic
space. Then the Toledo invariant  = (; F) is de5ned to be the (normalized) integral over  of
the pull-back of the K4ahler form ! on HnC. That is,
(; F) =
1
2
∫

F∗!;
where  is a fundamental domain for the action of G on ˜.
When  is compact, = () is independent of F , depends continuously on , lies in the range
[	;−	], and takes values in a discrete set. Moreover, (G) is C-Fuchsian if and only if |()|=−	.
Also, if (G) is R-Fuchsian, then () = 0, [23,7].
On the other hand, if  has 5nite area but is not compact, that is, p¿ 0, then the Toledo invariant
is 5nite for type-preserving representations and takes values in an interval of real numbers [11,12,1].
This paper has the following structure: in Section 1, we review some basic complex hyperbolic
geometry. In Section 2, we study polyhedra on the boundary of complex hyperbolic space bounded by
Ford isometric spheres. We call such polyhedra Ford domains. Using complex hyperbolic PoincarMe’s
polyhedron theorem [11], we prove a theorem giving conditions under which the Ford domain is
a fundamental domain for the group generated by the identi5cations of its sides. We need this
theorem to prove discreteness of the groups in Section 3. We hope that it will be also useful for
other constructions of discrete groups. Section 3 contains the main constructions.
1. Complex hyperbolic space
Let Cn;1 be the vector space Cn+1 with a Hermitian form of signature (n; 1). We can projectivise
Cn;1 \ {0} to obtain PCn;1. The projective model of complex hyperbolic space HnC is the collection
of negative vectors in PCn;1. We will consider HnC equipped with the Bergman metric, see [5]. Then
HnC is a complete K4ahler manifold of constant holomorphic sectional curvature −1.
Suppose that Cn;1 is given by the Hermitian form
〈Z;W 〉= z1w1 + · · ·+ znwn − zn+1wn+1;
where
Z =


z1
...
zn
zn+1

 and W =


w1
...
wn
wn+1

 :
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Let U (n; 1) be the unitary group corresponding to this Hermitian form. The holomorphic isometry
group of HnC is the projective unitary group PU(n; 1), and the full isometry group Isom(H
n
C) is
generated by PU(n; 1) and complex conjugation.
The non-trivial elements of PU(n; 1) fall into three general conjugacy types, depending on the
number and location of their 5xed points.
• Elliptic elements have a 5xed point in HnC;
• parabolic elements have a single 5xed point on the boundary of HnC;
• loxodromic elements have exactly two 5xed points on the boundary of HnC.
This exhausts all possibilities, see [5] for details.
Choosing a section through PCn;1 asymptotic to the light cone, we obtain complex hyperbolic
space HnC as a paraboloid, known as the Siegel domain S. The section we choose is de5ned by
Zj=zj=(zn+zn+1) for j=1; : : : ; n. Following [9], we give the Siegel domain horospherical coordinates.
Horospherical coordinates are de5ned as follows: the height u∈R+ of a point z = P(Z) in S is
de5ned by u= 〈Z; Z〉. The locus of points, where the height is constant, is called a horosphere and
naturally carries the structure of the Heisenberg group H = (; v)∈Cn−1 × R. The horospherical
coordinates of a point in the Siegel domain are just (; v; u)∈H × R+. We de5ne the relation
between horospherical coordinates on the Siegel domain and vectors in PCn;1 by the following map:
 : (; v; u) →



1− 〈〈; 〉〉 − u+ iv
2
1 + 〈〈; 〉〉+ u− iv
2

 for (; v; u)∈S− {q∞};  : q∞ →


0
−1
1

 ; (1)
where q∞ is a distinguished point on the boundary of HnC.
We note that this map can be write as the following equality of vectors in Cn;1:


z′
zn
zn+1

= (zn + zn+1)



1− 〈〈; 〉〉 − u+ iv
2
1 + 〈〈; 〉〉+ u− iv
2

= (zn + zn+1) (; v; u): (2)
Most of our construction will take place on the boundary of HnC. This may be thought as the one
point compacti5cation of the horosphere of height u=0. As indicated above, this horosphere carries
the structure of the Heisenberg group. This is H= Cn−1 × R with the group law
(; v) ∗ (′; v′) = (+ ′; v+ v′ + 2 Im〈〈; ′〉〉):
The Heisenberg group carries a natural norm, the Heisenberg norm
|; v|0 = ‖|2 + iv|1=2 = (||4 + v2)1=4:
This leads to a metric, the Cygan metric on H, which is given by
0((1; v1); (2; v2)) = |1 − 2; v1 − v2 + 2 Im〈〈1; 2〉〉|0: (3)
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The following lemma gives a useful relation between the Cygan metric and the Hermitian product
in Cn;1.
Lemma 1.1 (Parker [16]): For any pair of points (1; v1) and (2; v2) in the Heisenberg group
0((1; v1); (2; v2))2 = 2|〈 (1; v1);  (2; v2)〉|;
where  is the map de9ned by (1) taking u= 0.
The Heisenberg group H carries a natural (canonical) contact structure, that is a totally non-
integrable codimension-one plane 5eld E ⊂ TH. Using the identi5cation above, one can describe
this plane 5eld as follows: for each p∈ @S,
Ep = Tp@S ∩ J(Tp@S);
where J is the almost complex structure on the complex space Cn.
The Heisenberg group acts on itself by Heisenberg (left) translation. Heisenberg translations of
(0; v), for v∈R, are called vertical translations.
The unitary group U (n− 1) acts on the Heisenberg group by Heisenberg rotation.
Heisenberg translations and rotations are isometries with respect to the Cygan metric.
Positive scalars !∈R+ act on H by Heisenberg dilations
d! : (; v) → (!; !2v):
There are two types of totally geodesic submanifolds of HnC of real dimension two:
• Complex geodesics (copies of H1C) have constant sectional curvature −1.
• Totally real geodesic 2-planes (copies of H2R) have constant sectional curvature − 14 .
The intersection of a complex geodesic L with @HnC is called a chain C = @L. Chains passing
through q∞ are called vertical or in9nite. A chain which does not contain q∞ is called 9nite. If L
is a complex geodesic, then there is a unique inversion in PU(n; 1) whose 5xed-point set is L. It
acts on @HnC 5xing C = @L.
The intersection of a totally real geodesic 2-subspace with @HnC is called an R-circle. An R-circle
R is horizontal with respect to the canonical contact structure E on H, that is, for each p∈R, the
tangent space TpR lies in Ep. Just as for chains, an R-circle in H is one of two types, depending
on whether or not it passes through q∞. An R-circle is called in9nite if it contains q∞, otherwise,
it is called 9nite. Sometimes, we will call in5nite R-circles the horizontal lines. If R is a totally
real geodesic 2-subspace, then there is a unique inversion (antiholomorphic automorphism of HnC)
whose 5xed-point set is R. It acts on @HnC 5xing @R.
There are no totally geodesic real hypersurfaces in complex hyperbolic space. This means that there
is no canonical de5nition of (fundamental) polyhedra. One way of getting around this diPculty is to
consider polyhedra that are intersections of equidistant half-spaces. The boundary of an equidistant
half-space is a bisector, that is, the locus of points equidistant from a given pair of points. These
two points span a complex line, called the complex spine of the bisector. The bisector intersects the
complex spine in a (real) geodesic called the spine of the bisector. The endpoints of this geodesic
are the vertices of the bisector. Bisectors are de5ned uniquely by their vertices.
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Although bisectors are not totally geodesic, they are foliated by totally geodesic subspaces in two
di6erent ways: 5rst, a foliation by complex lines called the slices, and secondly by totally real planes
called the meridians, see [5]. It is easy to see that for each slice (respectively meridian) of a bisector
B, inversion in this slice (respectively meridian) leaves B invariant.
Let B be a bisector. The boundary S of the bisector B is called a spinal sphere. We call the
boundary of a slice of the bisector B the slice of S, the boundary of a meridian of B the meridian
of S, the boundary of the complex spine of B the complex spine of S, and the vertices of B the
vertices of S. A bisector or spinal sphere whose complex spine is bounded by a vertical chain is
called vertical.
Basic examples of spinal spheres are the horizontal hyperplane and the unit Heisenberg sphere:
• The horizontal plane is given in Heisenberg coordinates as {(; v)∈H : v=0}, which corresponds
to the contact hyperplane at the origin.
This is a spinal sphere with one vertex at q∞ and the other at q0 = (0; 0). The slices are the
concentric round spheres centered at the origin q0, and the meridians correspond to the totally real
linear subspaces of Cn−1.
All spinal spheres having q∞ as a vertex are obtained from this by Heisenberg translations. In
particular, the spinal sphere with one vertex q∞ and other vertex p=(0; v0)∈H is the hyperplane:
E(0 ;v0) = {(; v)∈H : v= v0 − 2Im〈〈; 0〉〉}
which corresponds to the contact hyperplane at p.
• The unit Heisenberg sphere is described by {(; v)∈H : ‖‖4 + v2 = 1}.
This is the unit sphere in the Cygan metric centered at the origin q0. Its vertices are (0; 1) and
(0;−1). The slices of the unit spinal sphere are round spheres whose centers lie on the vertical axis
V= {(; v)∈H : = 0}. In dimension 2, its meridians may be obtained from the purely imaginary
R-circle by applying Heisenberg rotations about the vertical axis [5].
Every vertical spinal sphere is either a hyperplane E(0 ;v0) or obtained from the unit Heisenberg
sphere by Heisenberg translations or dilations. In the last case, the spinal sphere is called a Heisen-
berg sphere. It is easy to see that the Heisenberg spheres are spheres in the Cygan metric.
2. Ford domains on the boundary of complex hyperbolic space
2.1. Ford isometric spheres
In [5], Goldman extends the de5nition of isometric spheres in real hyperbolic geometry to geometry
of complex hyperbolic space. The isometric sphere of a map h in PU(n; 1), with respect to a point
q in @HnC, consists of all points where a calibration of the contact structure E of @H
n
C, with respect
to q, is unchanged by h. We will only be concerned with isometric spheres with respect to the
point q∞, Ford isometric spheres. The calibration associated to q∞ is the restriction to @HnC of
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the following 1-form:
!= dc
( −〈Z; Z〉
〈Z; Q∞〉〈Q∞; Z〉
)
;
where Z and Q∞ are vectors in Cn;1 that project to z and q∞, respectively.
Ford isometric spheres have the following characterization.
Proposition 2.1 (Goldman [5]): The Ford isometric sphere of a map h in PU(n; 1) that does not
projectively 9x q∞ is the spinal sphere given by
Ih = {z ∈ @HnC : |〈Z; Q∞〉|= |〈Z; h−1(Q∞)〉|};
where Z and Q∞ are vectors in Cn;1 that project to z and q∞, respectively.
Also, Goldman shows that Ford isometric spheres are vertical spinal spheres. These were charac-
terized by Parker [16] as spheres in the Cygan metric.
Proposition 2.2 (Parker [16]): Let h be a map in SU(n; 1) not projectively 9xing q∞. Write h as

A . /
0∗ a b
3∗ c d

 ;
where A∈U (n − 1) and .; /; 0; 3 are columm vectors in Cn−1 and the ∗ denotes the Hermitian
transpose. The Ford isometric sphere Ih of h is a sphere in the 0 metric with centre qh=h−1(q∞)
and radius
Rh =
√
2=(|a− b+ c − d|):
For example, consider inversion iC in the unit chain C ∈H2C, then the isometric sphere for iC is
the unit Heisenberg sphere, that is, the spinal sphere with vertices (0; 1) and (0;−1).
As another example, consider a Heisenberg sphere S. We say that a slice c of S is the equator
slice of S if the inversion ic in c sends q∞ to the center of S. Then, it is easy to see, that the
isometric sphere of ic equals S.
Warning: It should be noted that if a slice c of S is not the equator slice of S, then S is not the
isometric sphere of ic.
Proposition 2.3 (Parker [17]): Let h be an element of PU(n; 1) not 9xing q∞. Then the Cygan
sphere of radius r centered at qh = h−1(q∞) is mapped by h to the Cygan sphere of radius R2h=r
centered at h(q∞).
As a corollary, we have the following
Proposition 2.4. Let h be an element of PU(n; 1) not 9xing q∞. Let Ih be the Ford isometric sphere
of h and Ih−1 be the Ford isometric sphere of h−1. Then, h(Ih)= Ih−1 , and the interior Int(Ih) of Ih
is mapped by h to the exterior Ext(Ih−1) of Ih−1 .
684 F. Dutenhefner, N. Gusevskii / Topology 43 (2004) 677–696
More examples:
• Let S be a Heisenberg sphere in @H2C. Let c be the equator slice of S, and let ic be the inversion
in c. We remark that S is invariant under ic, and that the interior of S is mapped by ic to the
exterior of S. Let k be a vertical chain, and let ik be the inversion in k. Let S ′ = ik(S). Put
h= ik ◦ ic. Since ik is a Heisenberg isometry, it follows that the isometric sphere for h equals S,
and the isometric sphere for h−1 equals S ′.
• Let S be a Heisenberg sphere in @H2C. Let R be a meridian of S, and let IR be the inversion in R.
We remark that S is invariant under IR, and that the interior of S is mapped by IR to the exterior
of S. Let L be a horizontal line (in5nite R-circle), and let IL be the inversion in L. Let S ′= IL(S).
Put h = IL ◦ IR. Then it is clear that h∈PU(2; 1). Since IL is a Heisenberg isometry, it follows
that the isometric sphere for h equals S, and that the isometric sphere for h−1 equals S ′.
2.2. Ford domains
Let  = {g1; · · · ; g‘} be a group generated by gi ∈ PU(n; 1). We say that a domain D ⊂ H
bounded by a family of Heisenberg spheres S1; S ′1; : : : ; S‘; S ′‘ is a special Ford domain for  if it
satis5es the following conditions:
1. The Heisenberg spheres in this family are disjoint or tangent.
2. The Heisenberg balls bounded by Heisenberg spheres in this family are disjoint.
3. For each i, Si is the isometric sphere for gi, and S ′i is the isometric sphere for g
−1
i ,
4. gi maps the points of tangency of Si to the points of tangency of S ′i .
We are going to prove that any special Ford domain D for the group  above is a fundamental
domain for . We know that any Ford isometric sphere S is a vertical spinal sphere, therefore,
we may consider S as the boundary of a bisector B in HnC. Using this, we may consider D as the
intersection of the closure of a unique polyhedron P in HnC, bounded by bisectors, with @H
n
C. It is
clear that the sides of P are identi5ed by the generators of  de5ned above if we consider the action
of  on HnC. Also, it is easy to see that D is a fundamental domain for the action of  on @H
n
C if and
only if P is a fundamental polyhedron for the action of  in HnC. To prove that P is a fundamental
polyhedron for , we will use PoincarMe’s polyhedron theorem for complex hyperbolic space stated
in [11], By the hypothesis on D, one easily sees that we need only to verify the following condition
in that theorem: every cycle element at every point of tangency of the sides of P is parabolic.
Theorem 2.1. Let D be a special Ford domain for the group  above. Then every cycle element
at every point of tangency of the sides of D is parabolic.
To prove this theorem, we need the following technical result [13].
Proposition 2.5. Let f be an element of PU(n; 1) with f(q∞) = q∞. Let z and w be points in
@HnC. Then
0(f(z); f(w)) =
R2f
0(z; f−1(q∞))0(w;f−1(q∞))
0(z; w):
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As a corollary, we have the following.
Proposition 2.6. Let f be an element in PU(n; 1) with f(q∞) = q∞, and let X; Y be two distinct
points in @HnC. Then,
1. If X; Y ∈ If, then 0(f(X ); f(Y )) = 0(X; Y ).
2. If X; Y ∈ Int(If), then 0(f(X ); f(Y ))¿0(X; Y ).
3. If X; Y ∈Ext(If), then 0(f(X ); f(Y ))¡0(X; Y ).
The following proposition is a key step in the proof of Theorem 2.1.
Proposition 2.7. Let h be an element in PU(n; 1) such that h(q∞) = q∞. Let P ∈ @HnC be any
point lying on the Ford isometric sphere Ih of h. Then, a point X is contained in the exterior of
Ih if and only if
0(h(X ); h(P))¡0(X; P):
Proof. By Proposition 2.5, we have that
0(h(X ); h(P)) =
R2h
0(X; h−1(q∞))0(P; h−1(q∞))
0(X; P):
Since P ∈ Ih, 0(P; h−1(q∞)) = Rh. On the other hand, a point X is in the exterior of Ih if and only
if 0(X; h−1(q∞))¿Rh. Therefore,
0(h(X ); h(P)) =
R2h
0(X; h−1(q∞))0(P; h−1(q∞))
0(X; P)¡
R2h
RhRh
0(X; P) = 0(X; P)
as claimed.
Now we are ready to prove Theorem 2.1.
If there are no points of tangency in D, then the proof is over. Now, let p is a point of tangency,
and let f = hk ◦ hk−1 ◦ · · · ◦ h1 be the cycle element corresponding to p, where
hj ∈{g1; : : : ; g‘} ∪ {g−11 ; : : : ; g−1‘ }:
Let Ij and I ′j be the isometric spheres of hj and h
−1
j , respectively.
Thus, f is the cycle transformation corresponding to the point of tangency of the isometric spheres
I1 and I ′k . We want to show that p is the only 5xed point of f in @H
n
C (this implies that f is
parabolic).
We divide the proof of this fact in the following steps.
Lemma 2.1. There is no 9xed point of f in Ext(I1).
Proof. Let q be any point in the exterior of the isometric sphere I1. Since p∈ I1, by Proposition
2.7, we have that 0(h1(q); h1(p))¡0(q; p). But h1(q) lies in the interior of I ′1, which is contained
in the exterior of I2. Therefore, by the same proposition, we have that
0(h2 ◦ h1(q); h2 ◦ h1(p))¡0(h1(q); h1(p))¡0(q; p):
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Continuing this process, we see that at each step the map hj decreases the Cygan distance between
the image of q and the corresponding tangent point. This implies that, when we complete the cycle,
we obtain the inequality 0(f(q); f(p))¡0(q; p), and, therefore, the point q is not 5xed by f.
Lemma 2.2. There is no 9xed point of f in Ext(I ′k).
Proof. The same argument applies to show that there is no 5xed point of f−1 in the exterior of the
isometric sphere I ′k . Since the 5xed points of f
−1 are exactly those of f, this proves the lemma.
Lemma 2.3. The point q∞ is not 9xed by f.
Proof. We have that h1(q∞) is the center of the isometric sphere I ′1. So, q1 = h1(q∞) lies in the
exterior of I2. This implies that q2 = h2 ◦ h1(q∞) lies in the interior of I ′2. Inductively, we get that if
qj = hj(qj−1), and qj−1 lies in the exterior of Ij, then qj lies in the interior of I ′j . Since qk =f(q∞),
f(q∞) lies in the interior of I ′k , and, thus, q∞ is not 5xed by f.
All this implies that f has no 5xed points in Ext(I1) ∪ Ext(I ′k) ∪ {q∞}. The only point of @HnC
which does not lie in this set is the point p. This shows that the only 5xed point of the element f
is p, that is, f is parabolic. This proves Theorem 2.1.
Therefore, by PoincarMe’s polyhedron theorem for complex hyperbolic space, [11], we get the
following theorem.
Theorem 2.2. Let D be a special Ford domain for the group  above. Then, D is a fundamental
domain for , and  is freely generated by the elements g1; : : : ; g‘.
3. Main constructions
3.1. Complex hyperbolic Kleinian groups with limit set a wild knot
In this section, we represent a construction of a quasi-Fuchsian subgroup  of PU(2; 1) whose
limit set is a wild knot.
3.1.1. Outline
To construct such a group, we consider a non-trivial knot K in H=C×R and a 5nite collection,
S = {Sk ; S ′k}, k = 1; : : : ; n, of Heisenberg spheres placed along K , satisfying the following condition:
there is an enumeration T1; : : : ; T2n of the spheres of this family such that each Tk lies outside all
the others, except that Tk and Tk+1 are tangent, for k = 1; 2; : : : ; 2n− 1, and T2n and T1 are tangent.
We call such a collection S of Heisenberg spheres a Heisenberg string of beads, see Fig. 1.
Let gk be elements from PU(2; 1) such that:
• gk(Sk) = S ′k ,
• gk(Ext(Sk)) ⊂ Int(S ′k),
• gk maps the points of tangency of Sk to the points of tangency of S ′k ,
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Fig. 1. A Heisenberg string of beads.
Let  be the group generated by gk .
Suppose now that  is Kleinian, and that the region D in the extended Heisenberg group, lying
outside all the spheres of the family S is a fundamental domain for . Then one can show that,
under these conditions, the limit set of the group  is a wild knot.
The main diPculties in this construction are in 5nding a suitable knot K , a family of Heisenberg
spheres S, and a set of side pairing transformations gk , in order to satisfy PoincarMe’s polyhedron
theorem.
Remark. We cannot use arbitrary spinal spheres to construct the family S, because the points of
tangency of arbitrary spinal spheres, in general, are not isolated, see [5]. If a point of tangency in
the construction above is not isolated, then D is not a fundamental domain for . Since Heisenberg
spheres are vertical spinal spheres, the point of tangency of any two of them is isolated, see [5].
3.1.2. Construction
In our construction, we choose the knot K to be a granny knot. There are two granny knots, up
to orientation-preserving equivalence: one is the connected sum of two right-handed trefoils, and the
other is the connected sum of two left-handed trefoils [18]. One can choose either of them. We take
K to be the granny knot which is the sum of two right-handed trefoils.
In what follows, we adopt the horospherical coordinates (= x + iy; v) for the Heisenberg group
H= C× R.
The knot K above has the following remarkable property that will be used in the construc-
tion: K may be situated in H so as to be symmetric with respect to reQection in the y-axis
{(; v)∈H;Re() = v = 0} (which is a horizontal line), and also with respect to reQection in the
vertical axis V= {(; v)∈H; = 0} (which is a vertical chain), as in Figs. 2 and 3. We recall that
these reQections are the restrictions of elements from the isometry group of the complex hyperbolic
space H2C.
688 F. Dutenhefner, N. Gusevskii / Topology 43 (2004) 677–696
y
Fig. 2. The granny knot K symmetric with respect to reQection in the y-axis.
y y
v
Fig. 3. Another symmetry of the granny knot K .
Now we are going to construct a special polygonal knot L in H which is equivalent to K and
has the same symmetries.
We call a polygonal knot L equivalent to K a CR-realization (CR-linearization) of K if the edges
of L are either the segments of vertical chains or the segments of horizontal lines in H.
Let L′ be the graph embedded in H as shown in Fig. 4. L′ has the following vertices:
v1 = (3i; 0); v2 = (3i; 7); v3 = (4; 31); v4 = (4; 35); v5 = (−4− 6i; 83);
v6 = (−4− 6i; 3); v7 = (0; 3)
and the following edges:
C1 = v1v2; R1 = v2v3; C2 = v3v4; R2 = v4v5; C3 = v5v6; R3 = v6v7:
It is easy to see that the edges C1, C2, C3 lie on vertical chains. On the other hand, the edges
R1, R2, R3 lie on horizontal lines, that is, in5nite R-circles. This can be seen by calculating of the
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V6
V5
V4
V3 V2
V1
Fig. 4. The graph L′.
Fig. 5. The symmetries of the polygonal granny knot L.
following Cartan’s invariants:
A(v2; v3; q∞) = 0; A(v4; v5; q∞) = 0; A(v6; v7; q∞) = 0:
Denote by iV the inversion in the vertical chain V = {(; v)∈H;  = 0}, and denote by iy the
inversion in the horizontal line {(; v)∈H;Re() = v = 0}. We will refer to these maps as the
symmetry maps. Let L denote the union of the graph L′ and its images with respect to the symmetry
maps iV, iy, and the map iV · iy. It is seen that L is a knot, and, moreover, L is equivalent to the
granny knot K above, that is, L is a CR-realization of K , see Fig. 5.
Now we will describe a family S of Heisenberg spheres which satisfy all the conditions in Section
3.1.1.
Let us consider a collection A= {A1; : : : ; An} of Heisenberg spheres placed along L′ satisfying the
following conditions:
• All these spheres have their centers lying on L′.
• The adjacent balls bounded by these spheres are tangent at a point lying on L′, and non-adjacent
balls are disjoint.
• The 5rst sphere A1 is tangent to the y-axis at the point v1 = (3i; 0), and the last sphere An is
tangent to the vertical chain V at the point v7 = (0; 3).
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Fig. 6. The spheres placed along the graph L′.
Fig. 7. The spheres placed along the graph L′ and their images with respect to the symmetry map iV.
• For each vertex v2, v3, v4, v5, v6, there exists a sphere from this family centered at this vertex.
• The spheres of the family A and their images with respect to the symmetry maps iV, iy and iV · iy
form a Heisenberg string of beads (see Figs. 6 and 7).
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Now we are going to show that at least one family of such Heisenberg spheres A= {A1; · · · ; An}
exists.
Let n= 63. We will describe the Heisenberg spheres placed along all the edges of the graph L′.
(a) Take four Heisenberg spheres placed along the edge C1, all of radius 1, such that the 5rst
sphere is tangent to the y-axis at the vertex v1, and the last sphere has its center at the vertex v2.
These four spheres have the following centers:
(3i; 1); (3i; 3); (3i; 5); (3i; 7):
(b) Take 5ve Heisenberg spheres placed along the edge R1. Two of them have the same radius 1,
and their centers at the vertices v2 and v3. The remaining three spheres have the same radius 12 , and
their centers at the points(
12 + 21i
10
;
142
10
)
;
(
4 + 3i
2
; 19
)
;
(
28 + 9i
10
;
238
10
)
:
(c) Take three unit Heisenberg spheres placed along the edge C2. Two of them have their centers
at the vertices v3 and v4, the remaining sphere has its center at the point (4; 33).
(d) Take six unit Heisenberg spheres placed along the edge R2. Two of them have their centers
at the vertices v4 and v5. The remaining four spheres have their centers at the points(
12− 16i
5
;
223
5
)
;
(
4− 12i
5
;
271
5
)
;
(−4− 18i
5
;
319
5
)
;
(−12− 24i
5
;
367
5
)
:
(e) Take 41 unit Heisenberg spheres placed along the edge C3 centered at the points
(−4− 6i; 83− 2k); k = 0; 1; 2; : : : ; 40:
(f) Take nine Heisenberg spheres placed along the edge R3. The 5rst one is the unit Heisenberg
sphere centered at the vertex v6. The remaining eight spheres have the same radius
√
52−1
16 , and their
centers at the points(
−(2k + 1)
(√
52− 1
16
)(
1 +
3
2
i
)
; 3
)
; k = 0; 1; 2; : : : ; 7:
Now we de5ne the family S as the union of A and its images with respect to the symmetry maps
iV, iy and iV · iy. Straightforward computations show that the constructed family S of Heisenberg
spheres satis5es all the conditions we required.
Next we will de5ne the side pairing transformations.
Let us choose the orientation on the graph L′ in such a way that the point v1 is the initial point
of L′, and the point v7 is the 5nal point of L′. Let us denote the Heisenberg spheres placed along L′
constructed above as A1; : : : ; An, where the enumeration corresponds to this orientation, that is, the
5rst sphere A1 passes through v1, and the last sphere An passes through v7. Also, we assume that
the spheres Ak and Ak+1 are adjacent, and Ak follows by Ak+1.
For k = 1; 2; : : : ; n; n+ 1, let pk denote the following points on the graph L′:
p1 = v1; pk = Ak−1 ∩ Ak; for k = 2; 3; : : : ; n and pn+1 = v7:
Observe that the adjacent spheres of the family A, placed along the edges C1, C2, and C3, are
tangent at their vertices; and that the adjacent spheres, placed along the edges R1, R2, and R3 are
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tangent at points lying on the equator slices of the corresponding spheres. The last follows from the
fact that the spheres under consideration have their centers at the edges R1, R2, and R3, which are,
by assumption, the segments of horizontal lines. Moreover, by construction, any two tangent points
lying on the equator slice of a sphere from this family are symmetric with respect to reQection in
the complex spine of this sphere. All this implies that for any two consecutive tangent points pk
and pk+1 lying on the sphere Ak there exists a meridian Lk of Ak passing through pk and pk+1. It
is easy to see that this meridian Lk of Ak is unique for the corner spheres as well as for the spheres
placed along the edges R1, R2, and R3, and that Lk may be chosen arbitrarily to be any meridian of
Ak for the spheres placed along the edges C1, C2 and C3.
Let Bk = iV(Ak), for k=1; 2; : : : ; n, and let qk = iV(pk), for k=1; 2; : : : ; n; n+1. Also, let Kk denote
the image of the meridian Lk with respect to the symmetry map iV. Then Kk is the meridian of the
Heisenberg sphere Bk passing through the points qk and qk+1.
Let iLk denote inversion in the R-circle Lk , and let iKk denote inversion in the R-circle Kk .
Consider the following maps:
fk = iy ◦ iLk and hk = iy ◦ iKk ; k = 1; 2; : : : ; n: (4)
It is clear that these maps belong to PU(2; 1) (we recall that iy is the inversion in the y-axis).
By construction, the Heisenberg spheres Ak and Bk are the Ford isometric spheres for the trans-
formations fk and hk , respectively. Also, the Ford isometric spheres for f−1k and h
−1
k are iy(Ak)
and iy(Bk), see examples in Section 3.1. For k = 1; 2; : : : ; n let A′k = iy(Ak) and B
′
k = iy(Bk).
We recall that the Heisenberg spheres Ak; A′k ; Bk ; B
′
k , k = 1; 2; : : : ; n, form the family S.
We notice that fk and hk maps the tangent points pk = Ak ∩ Ak−1 and qk = Bk ∩ Bk−1 to the
tangent points p′k = iy(pk) = A
′
k ∩ A′k−1 and q′k = iy(qk) = B′k ∩ B′k−1, respectively.
Let D be the exterior of all spheres of the family S in the extended Heisenberg group. We see
that the Heisenberg spheres Ak; A′k ; Bk ; B
′
k , and the transformations fk and gk , k = 1; : : : ; n, satisfy
all the conditions for D to be a special Ford domain for the group  generated by fk and gk . By
applying Theorem 2.2, we conclude that  is discrete, D is a fundamental domain for , the points
of tangency of the spheres in S are parabolic 5xed points in .
Theorem 3.1. The limit set of  is a wild knot.
Proof. Since the points of tangency of the spheres in S are parabolic 5xed points in , and D
is the complement of a string of beads, we obtain that the limit set L() of  is a topological
circle. This can be shown using the arguments similar to those in [15, p. 202]. Also, since  is
geometrically 5nite, another proof of this fact may be obtained by applying Tukia’s theorem [24]
adapted to complex hyperbolic space, comparing  with the R-Fuchsian group ∗ constructed in the
next section whose limit set is obviously a topological circle. The groups  and ∗ are isomorphic
under a type-preserving isomorphism.
Let R() be the regular set of  for the action of  on the boundary of the complex hyperbolic
space H2C. Then R() is the complement of L() in the extended Heisenberg group. We have that
R()=∪0∈ 0(D). Using the fact that the knot K is not trivial, and applying Van-Kampen’s theorem,
we obtain that the fundamental group of R() is in5nitely generated. Hence, L() is a wild knot.
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Fig. 8. Fundamental polygon  for the Fuchsian group G.
3.2. The Teichm7uller space
In this section, we construct a Fuchsian group G and a faithful, type-preserving representation 0
of G into PU(2; 1) such that the image 0(G) is the group  constructed in the previous section.
We also show that for the same Fuchsian group G there exist discrete, faithful, type-preserving
representations R and C of G into PU(2; 1) such that R(G) is an R-Fuchsian group, and C(G)
is a C-Fuchsian group.
We will prove that the Toledo invariant of the representation 0 is equal to zero, and that the
representations 0 and R lie in di6erent connected components of the Teichm4uller space T (G) of
G. This shows that the Teichm4uller space T (G) of G is not connected, moreover, the connected
components of T (G) containing the representations 0 and R cannot be distinguished by Toledo’s
invariant (for both representations 0 and R the Toledo invariant is equal to zero). Nevertheless,
it follows from the results in [12] that the representations R and C lie in the same connected
component of T (G). This shows a great di6erence between the Teichm4uller spaces in the compact
and non-compact cases, see for the compact case [23,25].
We formulate these results in the following theorem.
Theorem 3.2. Let  be the complex hyperbolic Kleinian group constructed in the previous sec-
tion. Then there exists a Fuchsian group G and a faithful, type-preserving representation 0 of G
into PU(2; 1) such that 0(G) = . The Teichm7uller space T (G) of G, that is, the space of dis-
crete, faithful, type-preserving representations of G into PU(2; 1) is not connected, and the Toledo
invariant does not distinguish di?erent connected components of this space.
3.2.1. The Fuchsian group G and its representations
Consider the real hyperbolic plane D as the unit disc in the complex plane C = {z = x + iy}.
Let us divide S1 = @D into 4 × n equal arcs, and denote the dividing points as shown on Fig. 8.
Here, the number n is the number of Heisenberg spheres in the construction of the group  from
the previous section.
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Denote by I and J inversions in the geodesics of D contained in the imaginary and the real axis,
respectively. Then we have that
u′k = J (uk); vk = I(uk); v
′
k = IJ (uk) = JI(uk); k = 1; 2; : : : ; n; n+ 1:
Let lk be the geodesic with endpoints uk and uk+1, and let kk=I(lk) be the geodesic with endpoints
vk and vk+1, for k = 1; 2; : : : ; n. Then l′k = J (lk) is the geodesic with endpoints u
′
k and u
′
k+1, and
k ′k = IJ (lk) = JI(lk) is the geodesic with endpoints v
′
k and v
′
k+1.
Consider now the following isometries of D:
0k = J ◦ Ilk and 3k = J ◦ Ikk for k = 1; 2; : : : ; n;
where Ilk and Ikk denote the inversions in the geodesics lk and kk ; respectively.
Let G be the group generated by 0k and 3k . It is easy to see that these elements form a set
of side pairing transformations for the polygon  bounded by lk , kk , l′k , k
′
k . Also, it is easy to
verify by a direct computation that the vertices of  are parabolic 5xed points in G. Hence, by
PoincarMe’s polygon theorem for hyperbolic plane, we obtain the following facts: G is discrete,  is
a fundamental domain for G, any parabolic element of G is conjugated to one of those parabolic
elements of G having a vertex of  as its 5xed point, the group G is a free group freely generated
by 0k and 3k . We remark also that the surface =D=G is a hyperbolic surface of 5nite area, having
genus g= 0 and p= 2n+ 1 punctures.
Now we are ready to construct the representations 0, R, and C mentioned above.
First, we construct the representation 0.
We de5ne
0(0k) = fk and 0(3k) = hk for k = 1; 2; : : : ; n;
where the elements fk and hk are de5ned as in (4). As G is a free group, one can extend 0 to a
representation 0 : G → PU(2; 1). It is clear that 0(G) = . By applying PoincarMe’s theorems (for
complex hyperbolic space and for hyperbolic plane), we obtain that the representation 0 is faithful
and type-preserving.
To construct the representation R, we consider the hyperbolic plane D to be the totally geodesic,
totally real subspace H2R of H
2
C. Let us take in H
2
R the same set of geodesic lines which we used for
constructing the group G, as in Fig. 8. We replace each geodesic line l from this set by a unique
complex line L containing l. Let 0∗k = J ◦ Ilk and 3∗k = J ◦ Ikk , where all the inversions are now
understood as inversions in the corresponding complex lines. This de5nes the group ∗ as the group
generated by 0∗k and 3
∗
k , k=1; 2; : : : ; n. It is obvious that 
∗ is discrete. In fact, ∗ is an R-Fuchsian
group of the 5rst kind. It is clear how to construct a type-preserving isomorphism R between G
and ∗: for each k, we send 0k to 0∗k and 3k to 3
∗
k . The Toledo invariant of this representation R
is equal to zero.
To construct the representation C , we consider the hyperbolic plane D to be complex hyperbolic
1-space H1C embedded as a totally geodesic complex line inside H
2
C. We take in H
1
C the same set
of geodesic lines which we used for constructing the group G, as in Fig. 8. Now we replace each
geodesic line l from this set by a totally geodesic real plane L containing l. For any geodesic l,
there is a 1-parameter family of such real planes L. One can choose either of them. Now we repeat
the construction above to get the elements 0∗∗k and 3
∗∗
k , where all the inversions in the construction
are now understood as inversions in the corresponding real planes. This de5nes a C-Fuchsian group
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∗∗ of the 5rst kind and a faithful type-preserving representation C of G whose image is the group
∗∗. The Toledo invariant of this representation C is equal to the Euler characteristic of the surface
=D=G.
Finally, we compute the Toledo invariant of the representation 0. We want to show that it is
equal to zero. There is a direct way to compute it which involves a rather complicated triangulation
of the surface  and constructing the corresponding equivariant map. Instead of this, we will use
the following trick:
First, we observe that the fundamental domain  for G is symmetric with respect to the inversion
I . Also, we notice that the fundamental polyhedron P for the group  constructed above is symmetric
with respect to the involution iV, and that the image of G under the representation 0 is invariant
under the conjugation by iV. All this implies that there is a 0-equivariant map f : D→ H2C such that
f(I(x)) = iVf(x); ∀x∈D: (∗)
By de5nition,
(0) =
1
2
∫

f∗!;
where ! is the K4ahler form of H2C.
Let us consider the representation i0 : G → PU(2; 1) de5ned by i0(0) = iV0(0)iV, where 0∈G.
It is easy to see that the composition iV ◦f : D→ H2C is i0-equivariant. Since iV is a holomorphic
isometry of H2C, we have that (iV)
∗!= !. Therefore,
(i0) =
1
2
∫

(iV ◦ f)∗!= 12
∫

f∗ ◦ (iV)∗!= (0):
On the other hand, using (∗), we have that the composition f◦ I : D→ H2C is also i0-equivariant.
This implies that
(i0) =
1
2
∫

(f ◦ I)∗!= 1
2
∫

I∗ ◦ f∗!= 1
2
∫

f∗!=−(0):
In the penultimate equality, we have used the fact that I reverses the orientation of . Since (i0)=
(0) and (i0) =−(0), we get that (0) = 0.
3.2.2. T (G) is not connected
In this section, we show that the Teichm4uller space T (G) of the Fuchsian group G constructed
in the previous section is not connected.
Theorem 3.3. The representations 0 and R lie in di?erent path-connected components of T (G).
Proof. Let us suppose that these representations lie in the same path-connected component, and let
. : [0; 1] → T (G) be a path connecting these representations in T (G). Then, for any t ∈ [0; 1], we
have that .(t) = t is faithful and type preserving. Since, by construction, the group  = 0(G) is
geometrically 5nite, and, therefore, structurally stable (nearby type-preserving deformations of the
representation 0 do not change the combinatorial structure of the fundamental polyhedron D of
), we obtain that for all suPciently small t, the groups (t) = t(G) have the same topological
properties, in particular, the manifolds M (t)=H2C=(t) are all homeomorphic for these t. We notice
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that the manifolds M (0) and M (1) are not homeomorphic: M (1) is a plane 5ber bundle over the
surface  (in fact, this bundle is trivial), and M (0) has no structure of 5ber bundle because of
the structure of its fundamental polyhedron. Then, by applying standard arguments involving the
compactness of the interval [0; 1], we get a contradiction.
Since T (G) is an algebraic set, we obtain that T (G) is not connected.
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